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Abstract

We consider a wireless communication network with a fixed number v of frequency sub-bands to be shared
among N transmitter-receiver pairs. In traditional frequency division (FD) systems, the available band is partitioned
into disjoint clusters (frequency sub-bands) and assigned to different users (each user transmits only in its own
cluster). If the number of users sharing the spectrum is random, this technique may lead to inefficient spectrum
utilization (a considerable fraction of the sub-bands may remain empty most of the time). In addition, this approach
inherently requires either a central network controller for frequency allocation, or cognitive radios which sense and
occupy the empty sub-bands in a dynamic fashion. These shortcomings motivate us to look for a decentralized
scheme (without using cognitive radios) which allows the users to coexist, while utilizing the spectrum efficiently.
A frequency hopping (FH) scheme (with i.i.d. Gaussian code-books) is already proposed in [] where each user
transmits over a selection of sub-bands and hops to another selection (with the same cardinality) from transmission
to transmission. It is shown that in higher ranges of SNR, frequency hopping offers considerable improvement in
terms of various measures such as average sum-rate multiplexing gain and the so called “ e-outage capacity”. In
this article, we rise the question if hopping is optimum for all ranges of SNR. We consider two different scenarios.
In the first scenario, we consider a wireless network where the absolute value of all the forward channel gains is
more than a threshold €; and the absolute value of all the crossover gains is less than a threshold e;. We show

that as far as z—f < 171, there is a 7o such that if SNR < g, the sum-rate of the system is maximized if all

VN
users spread their power on the whole spectrum. In particular, if N = 2, we prove g > %u. In the sequel,

we consider the case where the fading coefficients and the number of active users in the system are unknown to
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transmitters. Via computing the so called e-outage capacity, we demonstrate that for sufficiently low SNR, values,

hopping has no advantage over the case where all users spread their power on the whole spectrum.

I. INTRODUCTION

Optimal resource allocation is an imperative issue in wireless networks. When multiple users share the
same spectrum, the destructive effect of multi-user interference can limit the achievable rates. As such,
an effective and low complexity frequency sharing strategy which maximizes the degrees of freedom per
user while mitigating the impact of the multi-user interference is desirable. In frequency division (FD)
systems, different users transmit over disjoint frequency sub-bands. Due to practical considerations, such
FD systems usually rely on a fixed number of such frequency sub-bands. The main drawback of FD
systems is that most of the time the majority of the potential users may be inactive, reducing the resulting
spectral efficiency. Reference [1] considers a network of several users with mutual interference. Treating
the interference as noise, a central controller computes the optimum power allocation of each link over
the spectrum to maximize a global utility function. This leads to the best spectrum sharing strategy for a
specific number of users. Clearly, if the number of users changes, the system is not guaranteed to offer the
best possible spectral efficiency. In fact, it is shown in [1] that if the crossover gains are sufficiently greater
than the forward gains, the frequency division is optimum. However, as mentioned earlier, if the number of
users sharing the spectrum is random, FD systems can be highly inefficient in terms of the overall spectral
efficiency. To avoid the need for a central controller, cognitive radios [2] are introduced which can sense the
bands and transmit over an unoccupied portion of the available spectrum. Fundamental limits of wireless
networks with cognitive radios are studied in [3]—[7]. Although cognitive radios avoid the use of a central
controller, they require methods for frequency sensing and dynamic frequency assignment which add to
the overall system complexity. For example, in opportunistic communication, each cognitive device must
search for idle regions of the spectrum or spectrum holes which requires sophisticated detection techniques
[8]-[10]. On the other hand, in both game-theoretic scenarios and cognitive radios, randomness of the
number of users is not taken into account. Noting the above points, it is desirable to have a decentralized
frequency sharing strategy (without the need for cognitive radios) which allows the users to coexist, while
utilizing the spectrum efficiently and fairly.

Being a standard technique in spread spectrum communications and due to its interference avoidance

nature, frequency hopping is the simplest spectrum sharing method to use in decentralized networks. As



different users typically have no prior information about the codebooks of the other users, the most efficient
method (specially in higher ranges of SNR) is avoiding interference by choosing unused channels. As
mentioned earlier, searching the spectrum to find spectrum holes is not an easy task due to the dynamic
spectrum usage. As such, frequency hopping is a realization of transmission without sensing while avoiding
the collisions as much as possible.

Frequency hopping is one of the standard signaling schemes [15] adopted in ad-hoc networks. In short
range scenarios, bluetooth systems [19]-[21] are the most popular examples of a wireless personal area
network or WPAN. By using frequency hopping over the unlicensed ISM band, a bluetooth system provides
robust communication against unpredictable sources of interference. A modification of frequency hopping
called dynamic frequency hopping (DFH), selects the hopping pattern based on interference measurements
in order to avoid dominant interferers. The performance of the DFH scheme when applied to a cellular
system 1is assessed in [22]-[24]. Frequency hopping is also proposed in [7] in the context of cognitive
radios where each cognitive transmitter selects a frequency band but quits transmitting if the band is
already occupied by a primary user.

Already in [55], motivated by the fact that frequency hopping leaves a portion of the spectrum clean,
we have considered a decentralized party of /N users sharing u discrete frequency sub-bands via fre-
quency hopping. Different transmitters are linked to different receivers through paths with static and
non-frequency-selective fading. Each user is assumed to have no prior knowledge about the code-books
of the other users. We proposed a frequency hopping (FH) strategy in which the " user selects v;
frequency sub-bands among the w available sub-bands and hops to another set of v; sub-bands for the
next transmission. It is assumed that all users transmit independent Gaussian code-books over their chosen
frequency sub-bands.

As each user hops over different subsets of the sub-bands without informing other users about its
hopping pattern, sensing the spectrum to track the instantaneous interference is a difficult task. This
assumption makes the interference probability density function (PDF) on each frequency sub-band at the
receiver side of each user be mixed Gaussian. Since the channel gains have a continuous PDF, the number
of Gaussian components in the interference PDF on each frequency sub-band is 2V~! with probability
one. It is presumed that each user is able to derive the interference PDF after a sufficiently long training
period at the receiver side.

It is already shown [54], [55] that FH outperforms FD in terms of different performance measures such



as average sum-rate multiplexing gain (in case all the channel gains and the number of users are revealed
to transmitters) and the so called eoutage capacity (in case the channel gains and the number of active
users are unknown to transmitters). However, these results are valid for higher ranges of SNR. This paper
deals with the case where SNR is low, i.e., the results are valid under a certain level of SNR.

We consider two different categories. In the first scenario, we consider a wireless network where the

absolute value of all the forward channel gains is more than a threshold ¢; and the absolute value of all

1
vVN-1

that if SNR < 7y, the sum-rate of the system is maximized if all users spread their power on the whole

V5—1
4

the crossover gains is less than a threshold e;. We show that as far as 2 < , there is a vy such

spectrum. In particular, if N = 2, we prove 7y > u. In the sequel, we consider the case where
the fading coefficients and the number of active users in the system are unknown to transmitters. Via
computing the so called e-outage capacity, we demonstrate that for sufficiently low SNR values, hopping
has no advantage over the case where all users spread their power on the whole spectrum.

The paper outline is as follows. System model is given in section II. Sections III and IV are devoted
to derive lower and upper bounds on the achievable rates of users respectively. Finally, section V deals

with characterizing the hopping strategy in the low SNR regime.

II. SYSTEM MODEL

We consider a communication system with N users' where the i*"

user exploits v < u out of the
u sub-bands and spreads its available power, P, equally over these selected sub-bands by transmitting
Gaussian signals of variance % and mutual correlation coefficient p; over the v chosen bands. The "
user selects p; according to a probability density function f(p) over [0, 1]. The function f(p) is taken
to be globally known to all users. This user hops to another set of v frequency sub-bands after each
transmission. We denote the achievable rate of the i*" user by %;. The static and non frequency-selective
fading coefficient of the link connecting the " transmitter to the ;™ receiver is shown by h; ;. Each
receiver knows already the hopping pattern of its affiliated transmitter. On the other hand, as all users
hop over different portions of the spectrum from transmission to transmission, no user is assumed to be
capable of tracking the instantaneous interference. This assumption makes the interference plus noise PDF
at the receiver side of each user be a mixed Gaussian distribution. In fact, depending on different choices

the other users make to select the frequency sub-bands and values of the crossover gains, the interference

"Each user consists of a transmitter-receiver pair.
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on each frequency sub-band at the receiver side of any user has up to power levels. For each ¢, the

channel model for the i*" user is as follows:
Y, = hi i X+ Z; (1)

where X; is the u x 1 input vector of the i*" user and Z; is the noise plus interference vector on the receiver
side of the i'" user. One may write pg (%) = Y ¢ é g(Z,C) where g(#,C') denotes a zero-mean jointly
Gaussian distribution of covariance matrix C' and the set C includes all u x u diagonal matrices where
v out of the u diagonal elements are % while the rest are zeros. Denoting the noise plus interference on
the j'* sub-band at the receiver side of the ' user by Z; ; (the 4" component of Z), it is clear that
Pz, ,(2) is not dependent on j. This is by the fact that crossover gains are not sensitive to frequency and
there is no particular interest in a specific frequency sub-band by any user. We assume there are L; + 1
(L; < 2V~1 — 1) possible non-zero power levels for Z; ;, say {cri l}lL:iO. The occurrence probability of oz I
is denoted by a;;. Then, pz, (z) is a mixed Gaussian distribution as follows:
Li 2
Pz, (2) = Z L exp S (2)

2
207,

)

2 _ 2 2 2 2 2 - - :
= 0,9 < 071 < 0;5 < .. <o, (07 is the ambient noise power). In fact, one may write

where o
Zi; = Z%é €k il i Xk, + vi; where X, ; is the signal of the k' user sent on the j** sub-band, €k 18
a Bernoulli random variable showing if the k' user has utilized the j** sub-band and v; ; is the ambient
noise which is a zero-mean Gaussian random variable with variance . Obviously, Pr{e;; = 1} = . To
compute %;, one may see that for each i, the communication channel of the i*" user is a channel with
state .5;, the hopping pattern, which is independently changing over different transmissions and is known
to both the transmitter and receiver ends of the i'" user. The achievable rate of such a channel is given
by

R = ](Xi;?ilsi) = Z Pr(Sz‘ = Si)[()zi;?z‘wz‘ = Si) (3)

$i€S;

where [ ()Z'Z-; ﬁ\S, = ;) is the mutual information between X, and Y, for the specific sub-band selection
dictated by S; = s;. The set S; denotes all possible selections of v; out of the u sub-bands. As pZi(Z) is a

symmetric density function, meaning all its components have the same PDF given in (2), we deduce that

1 ()Z'Z-; }7,|S, = s,;) is independent of s;. Therefore, we may assume any specific sub-band selection for the



i user in S;, say the first v; out of the u sub-bands. Denoting this specific state by s, we get:

=i

B, = 1(X;;Y)|S; = s2). (4)

)

In this case, we denote Y; and X; by }71(3:‘) and X}(s:‘) respectively. Obviously, we have:
%, = I(Xi(s7); Yils1)) = h(Yi(s))) — h(Z). )
According to the system model proposed before, one may write:
N
Zi=> &itl 6)
k=1
ki
where é}m is the mixed gaussian interference vector imposed by the k™ user at the receiver side of the

i'" user. Based on the specifications of the interference model given in the previous section, we write & ;

as follows:

Ei = il 7

where E,; is a random vector of mixed Gaussian distribution where each gaussian component of it
corresponds to a specific occupation of v frequency bands. For example, for u = 2 and v = 1, it

has the following distribution:

1 a? v?
g 0.0) = s () x5 + S exp =3 ®

where 4(.) is the Dirac delta function. Clearly, E,; is i.i.d. over k. The achievable rate of the i'" user, %,, is
given in (5). In the following sections, we derive appropriate upper and lower bounds on %; which enable
us to partially characterize the low SNR regime optimal spectrum sharing rules. The bounds derived here
are different from those obtained in the previous chapter, as the bounds in chapter 2 are useful in the high
SNR regime and are loose in the low SNR case. On the other hand, the bounds obtained in this chapter

are well suited to study the low SNR case and are loose in the high SNR regime.



III. LOWER BOUNDS ON THE ACHIEVABLE RATES

If we simply replace Zi by a gaussian vector of the same covariance matrix, the mutual information

decreases [20]. As such, we have:

> Log SHCT0) o
2 det(C(Z;))
On the other hand, denoting C' (5“) by Cj,i, we have:
N N
C(Z) = C&)+C(T) =Y Cri+ 0L (10)
k=1 k=1
ki ki
We have:
= 57
Cri = [l "ELEE 3 (11)

o T .
To compute E{&.&’, }, we proceed as follows. Let us denote the ;7 element of &, by &,.(5) = Xy jéx -

We have:
BIGUP) = [ A&l = pH(0)dp = = Prfey = 1) (12

and

E{EL () sy = / E{EL ()L ox = pHiwy F(p)dp

P o,
= ;ﬁPr{Ek,j =ey =1,7# 7'} (13)
u—1
where E{p;} is denoted by p for each k. But, Pr{¢,; = 1} = % = 2and Pr{ie; = 5 = 1,5 #
Jj't = <z;§) = ZEZ:?) Let us define a m x m square matrix with all diagonal elements equal to a and all

off-diagonal elements equal to b by S(a, b;m). As such, C}; can be expressed as:

hiil? P —1
Cri = o S(l,ﬁv Su). (14)
u u—1
Substituting this in (10), we get:
- P v—1
C i) = —S iy Pgi — 2Iu 15
(Zi) = —5(gi, pgi—73u) + 0 (15)



where g; = 37, ; [hrif?. We have C(Y;(s})) = |his[?C(Xi(s})) + C(Z;). It is clear that

— P S 17 7; O'UX uU—v
cg sy = 2 (TP o (16)

v
Otu—v)xv  Otu—v)x (u—v)

Then
hii|*P — - v— — -
C(Y}(S*)) . %S(lapav) + %S(gﬂpgzu__ivv) +U2Iv %pgiu_}]-v,u—v (17)
g_giz;ilufv,v %S(gwﬁgl%ﬂj/ - U) + UQquv

where we have shown a a x b matrix with all elements equal to one by 1, ;. One may write more compactly

C(Z) = S(tin, tio; ) (18)
and
- S(tiz,tia;v) tiolyu—v
cly;) = (19)
ti,Q]—u—v,v S(ti,la ti,Q; u— /U)
where t,; = 91 + o2, tio = ﬁgzz } tiz = |h”| F +ti1and t;4 = plh”| r + tio.

To obtain the lower bound in (9), one has to compute det(C(Z;)) and det(C(Y;(s?))). The following

lemma becomes handy in the sequel:

Lemma 1 Let a # b be real numbers. For any S(a,b;m) the following hold:

det(S(a,b;m)) = (a — b)™(1 + a”ibb)
P b ,
S (a,b;m) = — b(]m ey p— T 1)blmllm’l).

Proof: We notice that for any two matrices E,,, xm, and F,,,xn,,, the following holds:
det(I,,, + EF) = det(l,,, + F'E). (*)

Also, for Ay, xmys Bmyxmss Cmaxms a0d Dy, xom,» We have the following result known as matrix inversion

lemma:

(A+ BCD) ' =A"1—A'B(C™'+ DA'B)"'DA™". (%)

One may write S(a,b;m) as:

S(a,b;m) = (a —b)1,, + blmyllﬁ’1



Thus, based on (*), we get:

b
det(S(a,b;m)) = (a — b)"det(,, + —blmllﬁ 1)
a — )

b mb
=(a—0)"(1+—1] 11,,1) = (a—b)"(1 :
(CL ) ( +a_b m,1 myl) (a ) ( +a,—b)
On the other hand, based on (**), we have:
1 b 1 b
S~ a,b;m) = L+ ——1,,15 )7t = I — 1,017 ).
(a, b;m) a—b( +a—b i) a—b( a+(m—1p "™ )
|
According to this lemma, we get the following as a direct consequence:
= w Utl 2
ti1— 2
To find det(C(Y;(s?))), we invoke the following identity known as schur’s lemma:
Al Ay
det = det(A;)det(Ay — A3 AT Ay) 1)
Az Ay

where A;, A, and the whole matrix are assumed to be square matrices. Applying this to the partitioned

structure of C/(Y;(s7)), given in (17), yields the following:
det(C’(ﬁ(sf))) = det(S(ti,g, ti74; U))det(S(tiJ, ti72; u — U) — tinu,U’vSil(ti’g, ti74; 'U)]_U’ufv). (22)

Let us define A = S(t;1,ti0;u —v) — t751y—y0S™ " (ti3, tia; V) 1y u—v. According to the lemma, we have:

A:Stz ,t,; U — _Z—71u—vv Iv_ -
( 15032, U U) tis— tia , ( tis+ (U — 1)%4

lv,llil)lv,u—v‘ (23)

. T 2 : . .
Since 1,y 1y u—v = V1ypu—w and 1,y 15115 114 04— = 0" 14y 0, this can be written as:

2 2
lio (v vt 4

A:Stl ,ti u—v)— ——\U —
(ti, iz ) tiz—tia tis+ (v—1)t4

)]-u—v,u—v- (24)

2 2
o ( V2t 4 vt3 o

v — =
ti3—tia ti,3+(U*1)ti,4> tiz+(v—1)t;4

If we set t;5 = , one has the following:

A=S8(tiq —tis tia—tisiu—0). (25)



Using this in (22), we have:

det(C(ﬁ( ))) = det(S(ti73, i,4,U ))det(S( ti75, t2'72 - ti75; u— ’U))
"Uti4 (U—’U)(tig—tig,)
I 1 U )

liz — ti,4)< * ti1 —tio

). (26)

= (tig —tia)’(tin —ti2)" (1 +

By (26), (20) and (9), we derive the following lower bound:

1_|_ vti,4 )(1_|_ (’LL ’U)(t12 t7«5))

1 tz‘g—ti4 ( ti3—tia ti1—ti2
i > Li(v, f(.);7) = 5log | (7—2)" g
2 tin —tig 1+ tz’,l—fi,Q
- . vi; (u—v) (ti,2—ti,5)
o 1 1 ti,?) - ti,4 <1 + f 3= Z4><1 + Ei,l_tgi,Q )
=5 og | (= )" wii g 27
tin —lig 1+ —2

IV. UPPER BOUNDS ON THE ACHIEVABLE RATES

To get an upper bound on %;, we proceed as follows. We start by finding an upper bound and a lower

bound on h(Y;(s?)) and h(Z;) respectively. The former is simply derived if we replace Y;(s?) with a

)

gaussian vector of the same covariance matrix. Therefore, we have:

— ]_ w —
h(Yi(s7)) < 7 log((2me)"det(C(Yi(s7)))
1
= —ulog(2me)
>
1 _ vt 4 (u—v)(tiz — tis)
Slog ((tis — tia) (tin — tio)" V(1 + —2 (1 :
108 ( (=t = )" (1 1+ (= D=0l
1 2
= 5ulog(27rea )
Lo ; Y
] (e R R ) 8)
tiz —tia ti1 —tio

Now, we focus to obtain an upper bound on h(Z ). Our strategy is based on using entropy power
inequality repeatedly. Since the PDF of the random vector 51“‘ is not smooth, no lower bound better than
—o0 is known for h(g,“) This results in a weak lower bound on h(Z ). To circumvent this, as 7; is a
gaussian vector of covariance matrix equal to 0%I,, we propose to decompose this random vector as the

sum of n —1 independent Gaussian vectors of covariance matrices equal to g ;/,,. Denoting these gaussian



11

vectors by 7, ;, we perturb é;“ by 7. The idea behind this perturbation is to smoothen the PDF of the
vectors 5_;“ so that entropy power inequality yields a tighter lower bound on h(Z) Thus, one may write

Z, differently as follows:

(hiilh + ) (29)

NE

Zi:

x>
—_

i
Defining 7, ; := hk7i§z + 7jx.;» We have the following proposition

Proposition 1

1
h(v ;) > iulog(Qﬂeqk,i)

1 [t |hyi|? P |\hy.i)? P 1—p)
+= b(umf e M (s + dp.
. / g (1L (1= ) T A == (o —00) ) F(e)dp

Proof: See Appendix A. [ |

As Z; = Z],X:l Uy; where {0 ;}1; are independent, one may repeatedly use entropy power inequality
ki

—

to get a lower bound on h(Z;) as follows:
. N
9ah(Z;) > Z 9 2h(Pi) (30)
k=1
ki
Using proposition 2 in (30), one has the following lower bound on h(Z,)

lhge i |2 P

- l 1l 11771)11@ 1—p d
M@Z%%sz%ﬁh4H(me(+%ﬂﬁﬂm®p' 1)

k=1
ki

Since this is valid for any set of non-negative numbers {q;;}4_, j; Satisfying Zévzl qri = 02, we tighten
’ k#i

this lower bound as follows:

W(Z) = 5 log(2mea?(f(.) (32)
where
N 1l Ihgil2P 4 |hy ;2P 1-p
L [Mog( (14(1—p) =k 14—kt~ d
ol (f() = max ZQk,z‘Z“fO g<( DT I T e ))>f(p) . (33)
Ok, 20 ) ki =0> —1
ki ki

The following lemma yields o2(f(.)):



Lemma 2

G2(f(.)) = 23 Jo los(QH=p) 52)" " (bgir (o4 250) S )dp 52,

Proof:

To obtain 2(f(.)), let us define the Lagrangian as follows:

N 11 hpil> Py, Mhsl®P 1o N
= Jo log| (14+(1—p) ———)" "1 (1+——(p+2)) ) fp)d
£=% g2 " oo v i) "D i oY),
k=1 k=1
k#i k#i

12
The optimality condition , % = 0, yields simply that the ratio % must be a constant, namely ¢,

regardless of the value of k. Therefore, we get:

N 1
S qri=-> |’ =0
k=1 S k=1
ki k#i
12
which yields ¢ = £. As a result, the optimum value of g ; is given by q;; = %02. Consequently,

o2(f(.)) is obtained as follows:

o2(f(.)) = 2t Jo oa((+(1=p) 52) (4007 (p+2520) Fe)dp 2

Substituting this in (32), we obtain the following lower bound on h(Z)

— 1 1 ! [ — 1 -
h(Z) = julog(2rea®) + 5 [ oy ((1 1= E 1+ 9o+ T"))) flo)dp G4
0
By (28) and (34), we obtain the following upper bound on %;:

R < Us(v, f(.);7)

1 s - - ~ U'EZ' u—v 7?1 - Ez
= = IOg (ti’3 — ti’4>v<ti71 — ti72)u—v(1 -+ %)(1 —+ ( = )( 72~ 75))
2 tiz —tia ti1—tio

5 [ 1o (04 0= I gt 250 o) 33)



Denoting the sum-rate by SR, we come up with the following lower and upper bounds:

ZL <SR<ZU 7)) (36)

Let us denote these lower and upper bounds by L(v, f(.);y) and U(v, f(.);~y) respectively.

Before we proceed, we deem it appropriate to mention an issue. One could obtain a lower bound
on %; by following the same lines as we did to get an upper bound on %;. By vector perturbation
and using entropy power inequality, one may get a lower bound on h(}%(sj)), namely hlb(fi(sz‘)), and

1 log((2me)"det(C (Z;))) would be an upper bound on h(?z) Therefore, we come up with a new lower

bound on Z; given by

Li(v, f(-);7) = h(Yis ))—%log((Qﬂe)“det(C(Zi)))

< %1 g((2me)"det(C(Yi(s7)))) — %log<<27re)“det(0<2)))
Ly deC)
=351 8 3et(C(Z) Li(z, f(p);7) (37

where the inequality is due to the fact that the Gaussian distribution maximizes the entropy of a random
vector under a fixed covariance matrix condition. This shows that L(v, f(.);7) that we already found is

a tighter lower bound than L(v, f(.); 7).

V. CHARACTERIZATION OF THE OPTIMAL HOPPING STRATEGY

We start this section with the following key result.

Proposition 2 Let f(p) be any probability density function. Then U;(v, f(.);7) < Ui(v,6(.);) for any

1<i<N.

Proof: We give the proof in two steps.

Step 1 According to (26), det(C(Y;(st))) is given by:

vt 4 (u—v)(tiz —tis)

ti1 —tio

det(C(Yi(s1))) = (tis — tia) (tig — tio)" (1 + )(1+ ).

tiz —tia

We notice that t;3 > t; 4, ti1 > t;0. Also, t;2 and t; 4 are increasing linear functions in terms of p, and



t;1 and t; 3 are not functions of p. On the other hand, ;5 vanishes as p = 0. As such, we have:

v U—v vt;, u—v)(t; ti
det(C(Yi(s Z>>> (s = ) (i — tap) (1 ) (1 el
det(C(Yi(s7)))| ()= tistin”
tia, L2\ yw vl 4 (u—v)(tiz —tis)
:(l_t_) (l_t_) (1+ﬁ)(1+ P— )
i3 il i3 —ti4 i1 — b2
tia 152\ u_ vt 4 (u—v)t;o
< (1= 84y = B2yumvg o YA g T W2y
= ti,3) ( ti,l) (1+ tiz — ti,4)( * tin1 —tio )
The inequality is valid as t;5 > 0. Now, we verify that
L vt 4
1 — —=)(1 — = V<1
( ti,3) (1+ i3 — ti,4) -
and
t, —0)t;
(1 _ _’2)u—v(1 + (U U) ,2 S 1
li tin —lig

We prove the first claim. The proof of the second claim is exactly the same. Let us define F(t;4) =

(1-— ;—2)”(1 + 2d y gf £()) = 6(.), then t;y = 0 and F(0) = 1. As f(.) deviates from §(.), p and

ti3—tia

therefore t; 4 increases. To verify the claim, it suffices to show that F(t;4) is a decreasing function of t; 4.

v ( ti3

el € t_3+(v_1)t4) which is negative, and we are done by the

One simply has dt%illn F(tis) = —

claims. As a result, we conclude the following:
det(C(Yi(s7))) < det(C(Yi(s7))| ()=

Step 2 Here, we show that 02(5(.)) < o2(f(.)) for any probability density function f(.). By lemma 2,

a(f() = o Jo 1og((14+(1=p) 42) "1 (14+giv(p+

*

)
97 yv-1 . 1=p ~ d — —(g:)2(1 — L p
p) )1+ giv(p + =2)). One simply has d, InG(p) (gi7)°(1 >(1+g ST ) I This

shows that G(p) is a decreasing function of p. Thus:

VNI OMe G2 Lot us consider the function G(p) = (1 + (1 —

a(f()) = 91 Iy 10g(G(p) f(p)dp ;2 > 9 los(G( 0)) fo f(p)dp ;2
— 95 108(G(0)) [y 6(p)dps2 _ o [y log(G(0))3(p)dp ;2

— 9% [5 og(G(p)d(p)dp 52 _ a2(8(p)).



15
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The claim of the proposition is clear now. As U; (v, f(.);7) = 3 log((2me)"det(C(Yi(s}))))—sulog(2mea?(f(.))),
based on the results of the above two steps, the claim of the proposition is proved. [ ]
From now on, we denote U (v, §(.);) and L(v,d(.);y) by U(v;~) and L(v;~y) respectively. Substituting

f(.)=4(.) in (27) and (35), we have:

1 |hial*y
Li(v:7) = ~vlog 1+ —bal T 38
(V) = v og( @ ) (38)
and
1 |haal*y 1 V9i 1 gy
Us(v:y) = =vlog (14— ) 4 Z10e(29E 4 1) — Zplog(1 . 39
(v;7) 2@0g< +U<g;ﬂy+1) +2uog(u+) 2vog(+v) (39)

Proposition 3 For every realization of the crossover gains,

L .
lim 257y
=0 U(u —1;7)
X (S0 )
Also, and as far as Zfi]:;\’:i,il‘* <1,
d L(u;
tim L)
=0 dy U(u — 1;7)
Proof: See Appendix B. [ |
S (SR k)
Proposition 4 If SN kTZ T < 1, there exists o > 0 such that for v < 7y the function U(v;~) is
=1 1,2
an increasing function of v.
Proof: See Appendix B. [ |

Now, we are ready to express the main theorem of this section:

SN (S heal?)”

Theorem 1 If = ]@T}i 0 < 1, then the best strategy for all users in terms of sum-rate maximiza-
=1 1,7

tion is to set f(.) = 0(.) and to spread their power on the whole available band, i.e., v = w.

S (S heal?)”

Proof: By proposition 4, there exists a y; > 0 such that if v < +; then for SN kT: T <1we
i=1 1,1

have U(u—1;7) < L(u; 72. On the other hand, by proposition 5, there exists a vy > 0 such that if v <
SN (S heal?)

then for ZNkT:' v < 1 we have U(u—1;v) > U(t;y) where t € {1,2,...,u—2}. As such, taking
S (S heal?)”
hzi < 1 and for every v < min{~o, 71}, we have L(u,~) > U(t;~) where t € {1,2,...,u—

N
Zi:l |hi,i‘4



1}. Also, as proved in proposition 3, U(t;y) > U(t, f(p);~y) for any distribution f(p). Therefore, we
conclude that n the low SNR regime taking v = u and f(.) = §(.) yields a higher SR than v < u and

any arbitrary PDF f(.). One can easily check that L(u;~) = U(u;vy) > U(u, f(.);y). Summarizing the
SN (O s i)
Soicy |hil4

It is notable that in a decentralized network, different users are not necessarily aware of all the channel

<1l. nm

above, we see that SR is maximized for v = v and f(.) = §(.) as long as

gains. Theorem 3, offers a criterion which requires all the users to be aware of h;; and g; for all ¢. This
might not be applicable in a distributed network. On the other hand, the users might be able to bound these

quantities. Assume that it is almost surely true that |h; ;| > €; and |h; ;| < e, for i # j where €; and €, are
2

o R el
k#i (N-1)%¢; Theref €2 1
ZZI'V:1 g < 6411 . ererore, o < N—1

for all the users to distribute their power on the whole band in the low SNR regime. For example, if

specific thresholds. Then, 1s a sufficient condition

N = 2, then €; < €y, i.e., the crossover gains be smaller than the forward gains. We are able to give a
more detailed argument in the special case N = 2 in terms of offering a computable low SNR range. Let
us call the users as A and B. We suppose the forward gains are one and the crossover gains of user A on
user B and user B on user A are a and b respectively. We suppose a,b < 1. By the theorem above, we
know that in the low SNR regime, the best choice would be to occupy all the available band. We show

that as long as 1 < % the same conclusion holds, and as such, [0, ‘/54_124 is an explicit characterization

of the low SNR regime. For the moment, let us assume that a = b = 1. Let link A, occupy the first v
bands. The other transmitter also uses v bands of which a number of v* bands are among the first v
bands. Clearly, we have v* < v and v — v* < u — v which yields max{2v —u,0} < v* < v . In this case,

it is easy to check that the achievable rate of user A is:

1 2P . P X 1 2 1
Ra(v*) = 3 log ((1 + W)” (1+ W)”_% ) = §U* log(1 + %) + §(U — 2v") log(1 + %) (40)

On the other hand, for a fixed input distribution, the mutual information for an additive noise channel is

a convex function of the noise PDF. Thus, we obtain the following:

v

> peRavY) (41)

v*=max{0,2v—u}

Ry

IN



where p,- i1s the probability that the two users coincide on v* sub-bands. Clearly, p,~ = O

Denoting the above upper bound by U B, we get:

_ - () (05) 2
v*=max{2v—u,0} v
L : o L) G20) g
+§ Z (v —20%) ) log(1 + ;) 42)
v*=max{2v—u,0} v

We recall that the probability function of a hypergeometric random variable 7' is given by:

Y

Pr{T =t} = %

where max{0, M; + m — My} <t < min{M;, m}. Also, one has E{T'} = % If weset Mi =m=wv
(vv*)(i;u:vi)

and My = u, then we see that ~*—~>*—— is actually a hypergeometric probability function. As such, the

v

summation terms in (42) are computed as follows:

(43)

v v\ [ u—v 2
Z ot (v*) (va*) _ U_ (44)

v*=max{2v—u,0} (1;) U

and

s G "

v*=max{2v—u,0} (Z)

Replacing these terms in (42), we get:

102 27y 1 202 ¥
UB=—-—log(l+ —)+ =(v——)log(1+ —). 46
2u0g(+v>+2(v u>0g<+v) (46)
It is interesting to note that UB|,—, = Ra(u) ,i.e, the upper bound is tight at v = u. We just need to see
for which range of SNR the upper bound is an increasing function of v. In fact, if UB is an increasing

function of v, the optimum value of v to maximize SR would be u. We have the following proposition:

V5-1
4

Proposition 5 UB is an increasing function of v as long as v € [0, ul.

Proof: See Appendix C. [ ]
Hence, [0, %u] is an explicit range of SNR for which sum-rate is maximized if v = u for all a,b < 1.
We notice that by Theorem 3, for all a,b satisfying a* + b* < 2, the optimum choice is v = w. In this

example, we are assuming that a,b € [0, 1] which is included in the region specified by Theorem 3. The



following figure illustrates the regions specified here.

—_
—

st

05

Fig. 1. Dash Line: The region a* +b* <9, Straight Line: The region 0 < a,b <1

remark 1 It is easy to see that in general for N = 2,
2

hiil? 2 Ihail*y
% < (U—%)log(l%—%)—i—%log <1+—) 47)

where for i € {1,2}, i/ :=3 —i.

Now, we consider a setup in a decentralized network of two users where the number of active users and
the channel gains are unknown to all transmitters. We set ¢, = Pr{/N = n} for 1 < n < 2. Hence, the
randomness of the number of users contributes in the outage event. Denoting this event for the i user
by O;, we have:

O, ={N,h1,ha;: % < R} (48)

where R is the transmission rate of the i user. We define the e—outage capacity of any user with hopping

parameter v by:

R(€e;v) :=sup{R : Pr{O;} < ¢€}. (49)

We aim to show that for low SNR values, R(¢;v) is maximized at v = w.
Let
Rup(e;v) :==sup{R : Pr{N, hy;, ho;: Ziw < R} <€} (50)



where
L2
vlog(l+ W) N=1
Riup = Iy s 12 . (51)
(v — %)bg(l—f—%)ﬁ-%log (1+—) N =2
1

v
|hi/72“2"/
v

P;.up 1 an upper bound on Z; in case N = 1 and N = 2 respectively. Clearly?, {Z; ., < R} C O;. This

yields
{R:Pr{O;} < ¢} C{R: Pr{Z;ws < R} < €}. (52)
Thus,
R(€;v) < Rule;v). (53)
Proposition 6 If v < u,
Rup(€;v)

v / > v
= sup{R : ¢i(1—exp <—(1—2§)> +q2/ (13—|—exp <—_ _ _
7 0 Y 22 (]_—l—%)l_? —

(54)
where
A={z: 2%(1+%)1—% > 1} (55)
and
B={: ﬁ(u?)—% > 11, (56)
Also, if v = u,
Rup(6;u) = sup{R: 1 — exp(%(l —28)) (@ + @27 %) < o). (57)
Proof: See appendix D. [ |

Fig. 3 sketches R,;(¢;v) for 1 < v <4 in a system with u = 4 at -y = 0dB. It is seen that all the curves
overlap on each other implying that hopping has no particular advantage. It is notable that R,;(e;v = 4)
is the exact e-outage capacity as %, ., is tight for v = u. Therefore, we conclude that e-outage capacity
for v = 4 1s at least as large as the same quantity in case v < 4.

2By {%i,ub < R}, we mean {N, h17i,h271‘ igi,ub < R}
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T

Rub(e;v=1)
Rub(f-:;v=2) L
Rub(s;v=3)

Rub(e;v=4) 0

£-outage capacity
© (=4 -
[+2] o] - n

=]
~

02

Fig. 2. Depiction of Ry(€;v) for 1 < v < 4 in a system with u = 4 at v = 0dB

VI. APPENDIX A

In this appendix, we prove proposition 1. We are concerned to get a lower bound on the differential en-
tropy of Uy ; := hk,ig,’e—i-ﬁk,i. If we set 7}, ; = h,“E; then we have pz,_(7) = Zz . fo 7, Dii) f(p)dp
where each D, ; is a matrix which has a v X v principal sub-matrix equal to %S (1, p;v) and the
rest of its elements are zero. Each D;;; shows a specific occupation of v frequency bands out of the u

bands. We have

pﬁk,i(ﬁ) = pﬁc,i(ﬁ) * g(ﬁ, Qk,i[u)

ﬂégﬂwmmmwmmmwwzégﬁAMMﬁ%mmw.

Since differential entropy is a concave function of probability density function, we get the following result:

©)
b(7s) 2 57 Z/mmmwwmmwmmw )

Clearly, det(D; . ; + qx;1,) is independent of [. To compute this quantity, we consider the case where the

first v rows and v columns of D;;; consist the aforementioned principal sub-matrix which is equal to
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£5(1, p;v). In this, we have:

|h,i| P |hye,i| 2P
—— ki ; ;U Ov,u—v
det(Dy i + qx:1,) = det (= v FiY)
Ou—vo Qrilu—v
*P > P | * P plhil?

u—v hk,l uUu—v v
= giae(s(PEl g Pl gy e PTG g (04

= =)+

h |2P plhii>P
u ki v ki
= (0 ) 4 1) (0 ).
Vi o (L=p)+1
Substituting this in (*), we get:
|hk,il*P
1 1 hii2P ., T
) 2 gulog(emeass) + 3 [ log | (40— LDy iy )
2 2 Jo kv e—(1—=p)+1
1 1t hia 2P, hal’P, 11—
— gutogCzneasy) + 5 [ 1o (14 (1= ) Ty BEEE 4 220 p50
2 2 Jo Ak iV ki v

which is the desired result.

VII. APPENDIX B

Let us define g; = > 5y |hii|* and f; = |h;;|*. We notice that the following holds:
ki

U(v;y) = L(v;y) + Av; )

where A(v;v) = ju SV log(X£ +1) — v SV log(1 + #1). As L(u;0) = U(u — 1;0) = 0, we have:

L Lwy) Do)
=0 U(u—1;7)  U'(u—1;0)

and
lim d  Lwy) _ Ufu—=10)L"(u;0) = L'(w;0)U"(u — 1;0)
=0dy Ulu—1;7) 2(U"(u - 1;0))> '

After simple calculations, we get:

L'(v,0) = U'(v;0) = Eé'f", (*)

1 i 2g;
D;0) = 3 YA+ 2

u
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1 1
A// 0 - =
(v Zgz -—-)
and

; 21 11
U'(50) = 050 4 °050) =~ TG+ 50 +5 206G - ) =)

As L'(u;0) = U'(u — 1;0) the first part of proposition 4 is derived. By the same token, the second part
is deduced if the condition L"(u;0) > U”(u — 1;0) is satisfied. This yields the following:

1
2 —_—
; 9i (u u)
which is simplified to % j’,z < 1. To prove proposition 5, we show the following two claims hold for
5>t
U(s;7)
=0 U(t;7)
and

as U(s;0) = U(t;0) = 0, we have:

and
im 4 d U(s;y)  U'(t;0)L"(s;0) — L'(s;0)U"(t;0)
& Ty 20T 0] |

By (*), we have:

U'(s;0) = U'(t,0) = Zé‘fi

which yields the first claim. Considering this fact, the second claim is derived whenever U”(s;0) >

U"(t;0). According to (**), this can be written as:

Zg? < fo

Zi 92'2

S 7S L

which yields
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VIII. APPENDIX C

We have:

v? \/1+277 7y

UB=—log —— + —log(1l + —

2 1—1—2—3- ~y

—u| =1 = Zlog(1+ 2

ul log——= + og( +v)

Let c = % and w = 2. Therefore,

9 1+QEC 1 c
UB = log —— 4+ —wlog(l + —
u [ w*log e —|—2wog( —l—w)

5 w(w+2c¢) 1 w+c
=u | w’log ————= + —wlog ——
w+c 2 w

2 2
=u (“’ 5 wlogw—i-%log(w—l—Zc) - %)log(w—l—c)) .

Let us define:

2 _ 2
o(w, c) = L 5 wlnw+%ln(w+26)—(w2—%)ln(w—i—c).
We have:
3¢(w,c):w2—wi+w_2 1 _<w2_g) 1
ow 2w 2w+2c 27w+c

2w —1

1
Inw + wln(w + 2¢) — (2w — é)ln(w +¢).

One observes that Yw € (0, 1] : 8“’215’6) |c=0 = 0. On the other hand, % is computed as follows:

D?p(w,c) _c (4(1 = 2w)e? + 2w (2 — 3w)c + w?))
Ocow 2(w + ¢)?(w + 2¢)?

Now, for each value of w € (0, 1], we investigate the behavior of the following quadratic polynomial as
a function of c:

Py(c) =4(1 — 2w)02 + 2w(2 — 3w)c + w?.

The following cases occur:

_1
.’lU—2
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In this case, 1 (c) = sc+ ;1 is a line which is positive for all ¢ > 0.

o we(0,3)
w(2—3w)
4(1—2w)

In this case, ¥,(c) is a parabola that has a minimum at ¢ = — . Clearly, ¢y < 0 for w € (0, 3).
On the other hand, 1,,(0) = w? > 0. Hence, Ve > 0 : 9,,(c) > 0.

e we (3,1]

In this case, 1,,(c) is a parabola achieving its maximum at ¢, which is a positive number for w € (3, 3)
and a negative one for w € (%,1]. On the other hand, the roots of v,,(c) are given by:

—w(2 — 3w) £ wy/w(9w — 4)

4(1 — 2w)

Cl2 =

The term (9w — 4) is positive for w € (3,1], and therefore the root are real. Since v,,(0) = w?, one of
the real roots is always positive and the other one is always negative. Denoting the positive root by c.,

we have:

—w(2 — 3w) — wy/w(9w — 4)'

= (1 — 2w)

Let us sketch ¢, as a function of w € (%, 1]. As can be seen from this figure, ¢, is a monotonically

decreasing function of w. As such, we have inf, 1 ¢ = cify=1 = @. From the above, we conclude:
2 I’

o+

Fig. 3. ¢4 (w) is a decreasing function of v for v € (1,1)
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VE—1, 9%p(w,c)

Yw € (0,1|,Ve € |0 : > 0.
As Yw € (0,1] : M|C_ = 0, this has a nice interpretation. For each ¢ € [0, ‘/54’1], (w,c) is an
increasing function of w, and the theorem is proved.
IX. APPENDIX D
In what follows, we derive an expression for R,;(€;v). We have:
PI‘{%@ub < R} = Pr{%mb < R|N = 1} + q2 Pr{%i,ub < R|N = 2} (58)

Taking hy,; and hy; to be CN(0,1), then |hy;|? and |hy,;|* are exponential random variables of parameter

one. It is easy to see that
Pr{%w < RIN=1}=1— eXp(’y(l —2%)). (59)

On the other hand, in case v < wu,
: 27) + %210g (1 +

B s
Pr{i < RIN =2) = Pr{(v - ©)log(1 + 1211

2 hy |2 2 lhm\Qv
:Eh..{Pr{(v—v—)log(l—l—w)jtv—log 1+ —— | <R
7,1 U v u ‘h/,‘

hii } } (60)

1+ —
But, ol
2 B |2 2 hm 2l
U ) U 1+| il |
v |hii|2 _
= s+ exp (2 = = )i 61)
( Vo2 (14 huPry-g g )
where
uR 2
125 (14 Lulyi=5 5 q
p1 = (62)
0 oth.
and

iy = I . (63)
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Clearly, if ps =1, then py = 1. Thus pqpue = po. Hence,

2 B |2 2 |hii*
Pr{(v—v—)log(leM)—i-v—log 1+ —7——- <Rh“~}
u v u 1 + |hi’,i| Y ’
v |hi,i|2
= 2t exp (; B 2%(1 + |hi,i|27)1—% _ 1) (ﬂl B MQ)' ©4)

Finally, we have:

Pr{%; ., < RN = 2}

z

_ /0 > (13 +exp (E _ )(1A - 13)) exp(—z)dz (65)

YR+ )~

where
A={z:2%0+ 2y =1y (66)
v
and
B={z:2%(1+2)%>1. 67)
v
Therefore,
Rup(€;0)
v R o v z
=sup{R : ¢:(1—exp (—(1—2v )> —i—qQ/ (1B+exp <—— i - >(1A—13)) exp(—z)dz < €},
v 0 T2 (14 Ay 1
(68)
If v = u, after similar calculations, we get:
U R _R
Ryp(€;u) =sup{R: 1 - eXp(;(l —2u))(q1 +q27 ) < e} (69)
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