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Abstract

In this paper, a downlink scenario in which a single-antenna base station communicates
with K single antenna users, over a time-correlated fading channel, is considered. It is shown
that using the conventional scheduling that transmits to the user with the maximum signal
to noise ratio, a gap of ©(y/logloglog K) exists between the achievable throughput and the
maximum possible throughput of the system. We show that by using a simple scheduling that
considers both the signal to noise ratio and the channel time variation, this gap approaches

O(1). Finaly, the delay of the system under the proposed strategies are compared.

I. INTRODUCTION

In wireless networks, diversity is a means to combat the time varying nature of
the wireless communication link. Conventional diversity techniques over point-to-point
links, such as spatial diversity and frequency diversity, offer performance improvements.
In multiuser wireless systems, there exists another form of diversity, called multiuser di-

versity [1]. In a broadcast channel where users have independent fading and feedback their



Signal to Noise Ratio (SNR) to the Base Station (BS), system throughput is maximized
by transmitting to the user with the strongest SNR.

Multiuser diversity was introduced first by Knopp and Humblet [2]. It is shown that
the optimal transmission strategy in the uplink of multiuser system using power control
is to only let the user with largest SNR transmit. The similar result is shown to be valid
for the downlink [3]. Bender et al. [4] examined practical aspects of downlink multiuser
diversity in the context of 1S-95 CDMA standard.

In wireless mobile networks, the rate of channel variations is characterized by
maximum Doppler frequency which is proportional to the velocity. Utilizing multiuser
diversity in such an environment needs to be revised since the throughput depends not
only on the received SNR, but also on how fast the channel varies over time.

In this paper, we consider a broadcast channel in which a BS transmits data to a
large number of users in a time correlated flat fading environment. It is assumed that the
Channel State Information (CSI) is perfectly known to the receivers, while BS only knows
the statistical characteristics of the fading process for all the users (which is assumed
to be constant during a long period). Moreover, each user feeds back its channel gain
to the BS at the beginning of each frame. Based on this information, BS selects one
user for transmission in each frame, in order to maximize the throughput. For the case of
Additive White Gaussian Noise (AWGN) or block fading, it is well known that increasing
the codeword length results in improving the achievable throughput. However, in a time
varying channel, it is not possible to obtain arbitrary small error probability by increasing
the codeword length. In fact, increasing the codeword length also results in increasing
the fading fluctuation over the frame, and consequently, the throughput will decrease.
Therefore, it is of interest to find the optimum codeword length which maximizes the
throughput.

We analyze different user selection strategies; i) the BS transmits data to the user
with the strongest SNR using fixed length codewords (conventional multiuser scheduling),
ii) the BS transmits data to the user with the strongest SNR using variable length code-
words, and iii) the BS transmits data to the user that achieves the maximum throughput



using variable length codewords. We show that in all cases the achievable throughput
scales as loglog K. Moreover, in cases (i) and (ii), the gap between the achievable
throughput and the maximum throughput scales as /logloglog K, while in case (iii),
this gap behaves like O(1).

The rest of the paper is organized as follows. In Section II, the model of time
correlated fading channel is described. In Section 11, different user selection strategies
are discussed and the corresponding throughput of the system is derived for each strategy,
for K — oo. Section IV is devoted to the delay analysis of the system for each strategy.
Finally in Section V, we conclude the paper.

Throughout this paper, E{.} represents the expectation, “log” is used for the natural
logarithm, and the rates are expressed in nats. For any functions f(XN) and g(N),
f(N) = O(g(N)) is equivalent to limy_, ‘%’ < 00, f(IN) = o(g(NN)) is equivalent

to limy_ o %\g‘ = 0, f(N) = w(g(N)) is equivalent to limN_,oo% = oo, and
f(N)=06(g(N)) is equivalent to limy_ % = ¢, where 0 < ¢ < oo.

Il. SYSTEM MODEL

A single-antenna broadcast channel with K users is considered. The channel of
any given user is modelled as a time-correlated fading process. It is assumed that the
channel gain is constant over each channel use (symbol) and varies from symbol to
symbol following a Markovian random process. Assume the fading gain of user £ is
hi = [hig, .., hn )T Where h;p, 1 < i < Nj are complex Gaussian random variables
with zero mean and unit variance and N, is the codeword length of user k. Dropping

the time index for simplicity, the received signal for the kth user is given by
e = Sihy + ny, 1)

where S, = diag(s1 x, ok, - - -, Sn, k) 1S the transmitted codeword with the power con-
straint! E{|s; x|*} < P, ny is AWGN with zero mean and covariance matrix I. Assume
ho . 1s the fading gain at the time instant before S, is transmitted. The sequence u; , =

*Obviously, for maximizing throughput, the energy constraint translates to E{|s; x|*} = P.



|hikl, 0 < i < Ny, is assumed to be a stationary ergodic chain with the following

probability density function [5]:

Que ™™ u >0

p(uor) = o (2)
0 otherwise
Ny
plus, ua,+un ko) = | oe(uislwiie). 3
=1

where,

2 u2+a%v2 7T 20 uv >0
(1-a2) eXp{_ (1—a2) } 0((1—0%)) u=

0 otherwise

pr(ulv) =

in which 0 < ay, < 1 describes the channel correlation coefficient for user k. It is assumed
that ay, 1 < k£ < K, are i.i.d random variables which remain fixed during the whole
transmission, and Z,(.) denotes the modified Bessel function of order zero.

It is assumed that the CSI is perfectly known at each receiver, while the statistical
characteristics of the fading process and ug;, 1 < k < K are known to the transmitter.

1. THROUGHPUT ANALYSIS

In this section, we derive the achievable throughput of the system in the asymptotic
case of K — oo. We define the user k’s throughput per channel use, denoted by 77}, as

T 2 Ri(1 — pe(k)), (4)

where Ry is the transmitted rate and p. (k) is the decoding error probability for this user.
Using the concept of random coding exponent [6], p.(k) can be upper-bounded as

< i —N(E(p)—pRy)
pe(k) < inf e ®)

For simplicity of analysis, we use this upper-bound in evaluating the throughput.
Assuming s;,, 1 < i < Ny, are Gaussian and i.i.d., it is shown that the random
coding error exponent for user k, Ei(p), is given by [7],

1 ol 1 ’
Ei(p) = N, log E,,, {H <1+7Lu2k> } - (6)

=1



where wy, = [u1 g, ..., Un, k]

Theorem 1 For the channel model described in the previous section, and assuming g

is known, we have

Ni 2 2
1 Pug o 1
Ek(p)zm g plog <1+m —|—O< UOk). (7)
=1 V )

Proof: See Appendix A.

It follows that the value of p which minimizes the right hand side of (5) is 1. Since
K — o0, Pr(ug, = log K) — 1. It is easy to show that for large values of ugy, p =1

maximizes the throughput in (7). Using (4), (5), and (7), we have

— Ny, <log<Pu2g’k>—(Nk+1) log(ak)—l-Rk)
Tk == Rk 1—e . (8)

It is easy to show that 7}, is a convex function of variables R, and N, and the values
of R, and N, which maximize the throughput (R** and N.*") satisfy the following
equations:

Ropt _ l Pu%,k‘
. — 108 2 + (2Nk,opt + 1) IOg(Oék>, (9)
o log (1 + Ni opt Rk 0
Nkpt — ( k_plt k pt) ) (10)
log (")

It follows that

Pu? Pu?
T, = log< 7;0,19) — 2\/log(oz,;1)loglog< Qo’k) X
log log1
(1 10 < 0808 Og(““))) . (12)
log log(uo k)

From the above equation, it is concluded that the throughput not only depends on

the initial fading gain, wg, but also on the fading correlation coefficient. Moreover,
throughput is an increasing function of the channel correlation coefficient.

In the following, we introduce three scheduling strategies in order to maximize the
throughput; i) Traditional scheduling in which the user with the largest channel gain



(SNR-based scheduling) is selected and the codeword length is assumed to be fixed. ii)
SNR-based scheduling with optimized codeword length regarding the channel condition
of the selected user, and iii) Scheduling which exploits both the channel gain and channel
correlation coefficient of the users. The asymptotic throughput of the system is derived

under each strategy for K — oo.

A. Strategy I: SNR-based scheduling with fixed codeword length

The BS transmits to the user with the maximum initial fading gain and N; = N, =
.-+ = Ng = N while adapting the data rate in order to maximize the throughput of
the selected user. The following theorem gives the throughput of the system under this
scheduling.

Theorem 2 The asymptotic throughput of the system under strategy | scales as

T ~ log (Plo2gK> — 2\/E{log(oz—1)}\/loglog(Plng), (12)

as K — oo.

Proof: For simplicity of notation, we define v;, = “(Q),k- Let v = max;<<x v; and « be
the corresponding correlation coefficient of the selected user. Using (8), we find the rate
of the selected user as follows:

log(1+ NR)

R =log (%) + (N + 1) log(a) — —N (13)

Substituting (13) in (8), we have

Ty — (k%xf;9)4-(Af+aulog@1)-kﬁﬁlégfiﬁg) X

1
(1_ 1+NR)’ (14)

where T, is the system throughput, conditioned on v and «. It is easy to see that
po(x) = e *u(x). Having the fact that Pr{v ~ log(K) + O(loglog K)} — 1 as K tends




to infinity [8], the throughput of the system is computed as,
Ty = E{T,.}
— log (P IZgK ) + NE{log(a)}

loglog(Pk;gK) L0 log N L0 log log K
N N logK )

(15)

The codeword length N is computed such that the system throughput achieved in (15)
is maximized. It can be easily shown that the maximizing value of /V scales as
1 1 Plog K
Nopt ~ o8 08 ( : ) . (16)
Ef{log(a")}
The proof is completed by substituting (16) in (15).

B. Strategy II: SNR-based scheduling with adaptive codeword length

In this scheme, the BS transmits to the user with the maximum initial fading gain.
The rate and codeword length are adapted to maximize the throughput of the selected

user.

Theorem 3 Assuming K — oo, the asymptotic throughput of the system under strategy
Il scales as follows:

Ty ~ log (PIOQgK) - QE{\/log(orl)}\/log log (PlogK). (17)

2

Proof: Given v = max; ug, and « (the channel correlation coefficient of the selected
user) similar to (11), the throughput is computed as

P P
Too ~ log <7U> - 2\/10g(or1)10g10g(7v) X

(1+0 (gt



Noting that v ~ log K + O(loglog K'), and v and « are independent, we have

T, = E{T,.}
Plog K Plog K
~ log( 02g )—ZE{\/log(orl)}\/loglog< 02g )x
log log log log K
o (loglogloglog . (19)
Vvlogloglog K

[ |
Remark 1- Since E{\/z} < y/E{z}, for z > 0, it is concluded that the achievable rate
of Strategy Il is higher than that of Strategy I. More precisely,

T-T ~ 2 (x/IE{log(orl)} - E{\/log(a—l)}> x
v/logloglog K. (20)
For the case of uniform distribution for «, we have
T, —T1 ~ 0.2284/logloglog K. (21)

Remark 2- Although limg .o TL = limg o TLQX =1, where T, ~ log (Plog K) is
the maximum achievable throughput in a quasi-static fading channel [8], there exists a
gap of ©(y/logloglog K) between the achievable throughput of Strategies | and 11, and
the maximum throughput. As we show later, this gap is due to the fact that the channel
correlation coefficients of the users is not considered in the scheduling. In fact, this gap
approaches O(1) by exploiting the channel correlation, which is discussed in Strategy
Il.

C. Strategy Ill: Scheduling based on both SNR and channel correlation coefficient with

adaptive codeword length

To maximize the throughput of the system, the user which maximizes the expression
in (11) should be serviced. Here, for simplicity of analysis, we propose a sub-optimum
scheduling that considers the effect of both SNR and channel correlation in the user
selection. In this strategy, each user is required to feed back its initial fading gain only if
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it is greater than a pre-determined threshold /Y, where Y is a function of the number of
users. Among these users, the BS selects the one with the maximum channel correlation
coefficient. The data rate and codeword length are adapted to maximize the throughput of
the selected user. The following theorem gives the system throughput under this strategy.

Theorem 4 Let oy, £k =1,---, K, be i.i.d random variables with uniform distribution.

Using strategy I11, with threshold T (T > 1), the throughput of system scales as

T; 2 log (PTT) — 2\/u(T,K)\/1oglog (PTT) X

0 log log log(Y)
loglog(Y) |’
where
t1 “ 1
p(TK) 23 5(1 —e )T (e )Y e
n=1 n=1

Moreover, for values of YT satisfying

T ~ log K —o(log K),

T ~ log K —loglogloglog K —w(1),
we have

lim Thax — T = O(1).

K—o0

(22)

(23)

(24)

Proof- Define A £ {k|v, > T} and ama. = maxgeq o, Let v be the squared initial
fading gain of the user corresponding to «,,... Using (11) and noting that 7}, in (11) is
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an increasing function of g, we have

P
T—E {log<7”> _2y/log(al)

om0 - o (gt
PY

> log(—-) = 2E{ Vlog(az)}
PY log log log ()
vt ) [1+0 (AT )|
> log("0) — 2V/E{loa(0, )]
PY log log log(T)
loglog(—-) {1 +0 (m)} : (25)

E{log(c;;L )} can be evaluated as

max

E{log(mm)} = Y E{log(apm) | [A] = n}Pr{|A| = n}

n=1
(26)
Since ay, k=1,---, K, are i.i.d random variables with uniform distribution over [0, 1],
we can write
Famax (O{ HA| = n) = an
1
= E{log(ags)| Al =n} = log(a™na™ tda
0
1
n

where F'y(.) denotes the cumulative density function of the random variable X. Indeed,
|A| is a binomial random variable with parameters K and e~*. Note that Pr(v;, > T) =
e~ T. Hence,

Pr{|A| =n} = ([s) e (1 —e Tk (28)
Substituting (27) and (28) in (26), we have

E{log(oma)} = Soney (5)Le T (1 — e M)K=n, (29)
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Define u(T, K) = E{log(azL,)}. After some manipulations, we obtain
1 (1—e D)X

(1 _ Y _ i o
p(0K) = (1= e u(T K —1) + e (30)
Solving the recursive function in (30) and noting x(T,1) = e~ ¥, we have
K 1 K 1
TK: - _ —T\K—-n _ _ ,—N\K -
u(T, K) ;nu )T = (1= e gn (31)

By Substituting (31) in (25), the first part of the theorem easily follows. From (22), it is
easy to see that for values of T satisfying
T ~ logK —o(log K),
w(Y, K)loglog T ~ o(1), (32)

we have limg .o Tmax — 13 = O(1), where Ty« ~ log(Plog K) is the maximum
achievable throughput of the system. For large values of K, we can approximate (31) as

(T, K)
(1T (/IK (1—e—::)—:cdx —/IK dx_x)

- Klog(ll— e T) (1 "o (Klog(ll— G_T)>) i
(1 1— e HE(T —log K)

1 _

(33)

From the above equation, it is realized that having T ~ log K —loglogloglog K — w(1),
results in having u (Y, K)loglog T ~ o(1), which completes the proof of the second part
of the theorem.

Remark 1- The uniform distribution of the correlation coefficients is not a necessary
condition for Theorem 4. In fact, Theorem 4 is valid if E{log(ayl, )| Al = n} = o(2).

Hence, there exists a larger class of distributions that satisfy the requirements for this

theorem.
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IV. DELAY ANALYSIS

In this section, we analyze the delay of the system under the mentioned scheduling
strategies. The delay is defined as the minimum value of D that satisfies the following:

Pr{BD} — 1, (34)

where Bp is the event that all users receive at least one packet during D blocks of
transmission.

Since in the Strategies | and I, the user with the best channel condition is serviced,
by the same argument as in [9] the delay of the system can be shown to scale at least

as K log K. More precisely,

Dy =Dy~ Klog K + w(1), (35)
where D; and D, stand for the delay of the system under the strategies I, and II,
respectively. The following theorem gives the scaling law for the delay of the system
using strategy Il1I:
Theorem 5 Under the condition of Theorem 4, we have

Dg > 6T—i—l(e*T-1-logT7 (36)

where D3 denotes the delay of the system under the strategy IlI.
Proof- Without loss of generality assume o < ay - -- < ag. Note that for large number

of users T >> 1. First, we obtain the probability of selecting the £™ user in each frame,

denoted by p.
Pr(v, >17) Hﬁkﬂ Pr(v; <7T)

P =

1 —po
e—Y(l . e—T)K—k
1—(1—e MK ) (37)

where py = (1 — e~ 1)K is the probability of existing no users with channel norm above

the threshold, which is negligible 2. Hence,
pee (1 —e HEF (38)

21t is assumed that Ke~ " > 1.
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Defining Fp; as the event that user ¢ is not serviced during D blocks of transmission

and np = Pr{Bp}, we have

K k
np=1-Y (—1)*" > Pr{() Fpin}
k=1 1< <@g <<, <K m=1
K k D
=1-) (=1)! > <1 - Zpim> . (39)
k=1 1<i1 <ig < <ip <K m=1

A lower-bound and upper-bound for 7 can be given as,

K
np > 1= (1—pp)”, (40)
k=1
and
K
o <1 —Z(l —pr)” + Z (1—pi—p;)”
k=1 1<i<j<K
K A 2
< 1=y 1—p)P+= 1—p)? | . 41
= k:1( Pr) 9 (;( Pk) ) (41)

From the above equations, it is realized that in order to get Pr{B8p,} — 1, we must have
fo:l(l —pp)? = 0.2 Zszl(l — pr)? can be computed as follows:

K

o = Y (1-eT(1—e)EH)”

i=1

K
/ exp{—De T(1 — e )K"} dx
1

IS

_ —(T+Ke
e De

~ € —De—(Y+K37T) . (42)
Noting (42), in order to have & — 0, the following condition must be satisfied:
D~ TN £ 10g T + w(1)), (43)

which incurs

D3 > 6T+K6*T+logT. (44)

~Y
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[ |
Assuming T ~ log K —p(K), where ¢(K) = o(log K), it can be easily shown that g—j =
ee? ™ =e(K) 1t follows from Theorem 4 that in order to achieve lim . Tiax — 13 = 0,
w(K) must be greater than loglogloglog K. Hence,

D log log K
Dy _ _loglog

- 45
D, logloglog K (49)
In other words, although using strategy Ill one can approach the maximum throughput

of the system, it produces much more delay in the system than the strategies I and II.

V. CONCLUSION

A multiuser downlink communication over a time-correlated fading channel has
been considered. We have proposed three scheduling schemes in order to maximize
the throughput of the system. Assuming a large number of users in the system, we
show that using SNR-based scheduling, a gap of ©(y/logloglog K) exists between the
achievable throughput and the maximum throughput of the system. We propose a simple
scheduling considering both the SNR and channel correlation of the users. We show that
the throughput of the proposed scheme reaches the maximum throughput of the system
as the number of users tends to infinity. Moreover, the delay of the system under the
proposed strategies are compared. It is realized that the third strategy, despite achieving
the maximum throughput of the system, produces much more delay than the conventional
scheduling.

VI. APPENDIX A

Noting (6), we define Fy(p) = —+ log Iy Where

N
1
IN:/ / ()" plUlo) (46)
N =1 1+p 1
Using 4, we have
2u u? + a?u? | 200Uy 1
Iv — i i Ut Uy [ Pd . 47

121 1+pz
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Substituting v; = ﬁ 0 <7< N, we have

N _vi+a 1}1271
IN:/ / Hugvie v To(udvwi_1) f(vg)du;
v

L4=1

('Uz Qv;_ 1)
:/ / Huovz B e_o‘“g”i”"'*lfo(augvivi—l)f(vi)dvi, (48)
UN V1 =1
where,
1
f(vl) = ( au%(l—oﬂ) 2)/). (49)
1+ 2(1+p) Yi

Since K' — oo, then Pr(uy = log K') — 1. For large values of u,, we evaluate the

following integral.

00 _(w—m)?
I = / vudZy(udvp)e S f(v)e 2 du
0
pt—= _ow? w?
Ve 2
= / Uhgfo(ugv,u)e_“ov”f(v) 2/ dy 4 € (50)
1
V)
where e can be bounded as follows:
1 2 2
;,L—T _ (v—=p) _ (v—=p)

mvthO(UgUN)Q_Ugv”f(U)e 2/ug dv+/ 1 oh2Ty(uop)e "0 f(v)e 4 du

Il
S—

+A
c h= s Juoo oew? w2 _(vw)Q
— YL ¢ g dv+— 2o du
2
VI V21 /ug = 27T/u0
< 2¢ [ VU ——(“2;52)2d
< — ——¢ o dv
Vi /2w /ug
2ce 4o U~/ Uo _
< (Vi + ——=) = O(uo\/uoe™) (51)
Vi

In deriving (51), we use the facts that f(v) < 1,v > 0 and Zy(z)e *v2mz < ¢ where ¢
is a constant [10].
Defining ¢(v) = v2mvugZy(uvp)e 6" f(v) and using (50), we have

4 _ (v7u2)2

U —— 2/u

Vo e 0

I = gv)—=—==dv + €
p= 27 [ug

- +0<%>+e (52)



Since Zy(z)e *v2mrz = 1+ O(2) [10], then

and

9(n) = 111+ O ),

Using (52), (53) and (54), we have

1

L= f(p)(1+ 0(\/—170

)+ e

Applying (55) in (48), we have

Iy =

Substituting vy =

1
(1-a?

/le /faUNl 1+O(\/—))

('U'L XV — 1)

2
H Coe 79O (v ) (v dvs

/UN2 /fasz owNQ)(H_O(\/_))

('“L 1)

)
H uovZ T2/3 aront 1IO(ozuovzvz_l)f(vz)dvZ

_ N V2a! 1
In = E f(m)(l + O(ﬁ))
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(53)

(54)

(55)

(56)

(57)

Using (57) and noting the definition Ey(p) = —% log Iy, we conclude Theorem (1).
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