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Abstract—This work considers the problem of Peak to Average
Power Ratio (PAPR) reduction in an Orthogonal Frequency Divi-
sion Multiplexing system. We design a cubic constellation, called
Hadamard constellation, whose boundary is along the bases de-
fined by the Hadamard matrix in the transform domain and then
we further reduce the PAPR by applying the Selective Mapping
technique. The encoding algorithm is based on a decomposition
known as Smith Normal Form and has a minimal complexity. The
proposed scheme significantly outperforms the other PAPR reduc-
tion techniques reported in the literature (offering about ����� to� ��� lower PAPR compared to some recent techniques without any
additional cost in terms of energy and/or spectral efficiency) and
has a small computational complexity.

I. INTRODUCTION

Orthogonal Frequency Division Multiplexing (OFDM) is a
multicarrier transmission technique which is widely adopted in
different communication applications. OFDM prevents Inter
Symbol Interference (ISI) by inserting a guard interval and mit-
igates the frequency selectivity of a multi-path channel by using
a simple equalizer. This simplifies the design of the receiver
and leads to inexpensive hardware implementations. In sys-
tems with a high-speed transmission of data, large delay spreads
can seriously limit the system performance due to ISI. More-
over, OFDM offers some advantages in higher order modula-
tions and in the networking operation that position OFDM as
the technique of choice for the next generation of wireless net-
works. However, OFDM systems have the undesirable feature
of a large Peak to Average Power Ratio (PAPR) of the transmit-
ted signals. Consequently to prevent the spectral growth of the
OFDM signal, the transmit amplifier must operate in its linear
regions. Therefore, power amplifiers with a large linear region
are required for OFDM systems, but such amplifiers will con-
tinue to be a major cost component of OFDM systems. Conse-
quently, reducing the PAPR is pivotal to reducing the expense
of OFDM systems.

In this paper, we propound a constellation as a shaping
method in an OFDM system with a low complex encoding
method, based on [1], and a considerable PAPR reduction. A
new Selective Mapping (SLM) method is applied in conjunc-
tion with our constellation to further reduce the PAPR in the
OFDM signals.

II. CONSTELLATION SHAPING

A large number of methods for PAPR reduction have been
proposed. Constellation shaping is used in this paper to com-

bat the PAPR problem in an OFDM system. In constellation
shaping, a constellation in the frequency domain must be found
such that the resulting shaping region in the time domain has a
low PAPR. In a PAPR reduction problem, the peak value of the
time domain signal vector � should be bounded by a specified
value, 	��
	���
�� . In an OFDM system the real time domain
signal is related to the real frequency constellation point � by
������� , where � is the real representation of the Inverse Fast
Fourier Transform (IFFT) matrix. Therefore, this inequality on
the time domain boundary translates to a parallelotope1 in the
frequency domain, defined by ����� . The points inside this par-
allelotope are used as constellation points in transmitting the
OFDM signals. The principal challenge in constellation shap-
ing is to find a unique way to map the input data to the constella-
tion points such that the mapping (encoding) and its inverse (de-
coding) can be implemented by a reasonable complexity. In [1],
the relations and generators in a free Abelian group in the inte-
ger domain are used so that the parallelotope corners lie in the
integer lattice. Therefore, the constellation boundary is based
on a parallelotope, defined by �������! "�#���%$ , where &!' ( rep-
resents rounding, and  is the smallest value to have the same
constellation points as those of the unshaped constellation.

The encoding and decoding of the constellation points are
derived from the decomposition of the matrix � � by column
and row operations. Indeed, in the mathematical literature this
decomposition is known as the Smith Normal Form (SNF) of an
integer matrix [2]. SNF has been used in many applications in
different fields, for example in solving linear diophantine equa-
tions, finding permutation equivalence and similarity of matri-
ces, determining the canonical decomposition of finitely gen-
erated Abelian groups, integer programming, computing ad-
ditional normal forms such as Frobenius and Jordan normal
forms, and separable computation of Discrete Fourier Trans-
form.

Theorem 1: Any integer matrix ��� can be decomposed into
�)�*�,+.-0/ , where - is diagonal with the entries 1325476 �498 �such that 2 �;: 2=< :?>@>@>A: 2=� , and + and / are unimodular
matrices. The matrix - is called the SNF of the matrix �.� .

The complexity of this algorithm is the result of the computa-
tion of the SNF decomposition for the matrix ��� . We can use
the SNF decomposition methods for the encoding procedure;
however, the computational complexity for OFDM systems that
are defined by the IFFT matrix remains very high.
B
The parallelotope bases are defined along the columns of C"D B .



III. HADAMARD CONSTELLATION IN AN OFDM SYSTEM

In [1], it is exhibited that if the matrix ��� in OFDM multi-
carrier modulation can be changed by the Hadamard matrix, a
very simple encoding algorithm will result. This simplicity is
hidden in the recursive formula for the Hadamard matrix and
its SNF decomposition [1]. However, this type of multicarrier
modulation is not very popular because it does not offer all the
advantages of conventional OFDM systems [3].

We consider this problem from another viewpoint. The con-
stellation that should be used in an OFDM system has a bound-
ary along the bases of the IFFT matrix, but the encoding of
containing constellation points cannot be easily implemented.
We propose a cubic constellation, called the Hadamard constel-
lation, for an OFDM system whose boundary is along the bases
defined by the Hadamard matrix in the transform domain. The
IFFT and Hadamard matrices are both orthogonal matrices, and
therefore, the constellations along these orthogonal bases are a
rotated version of each other. This idea is illustrated in Fig.
1. By substituting the proper constellation along the IFFT ma-
trix by the Hadamard matrix in an OFDM system, the resulting
PAPR reduction is reduced; however, the encoding of this con-
stellation, based on the SNF decomposition of the Hadamard
matrix, is simple and practical. Due to the special recursive
structure of the Hadamard matrix, its SNF decomposition can
be easily expressed in a recursive format. Moreover, the encod-
ing algorithm can be implemented by a butterfly structure that
uses bit shifting and logical AND structures [1].

Integer Lattice Points
Constellation Boundary Based on FFT Matrix
Constellation Boundary Based on Hadamard Matrix

Fig. 1. � -D signal constellation for IFFT and Hadamard matrix.

The advantage of using the Hadamard constellation is not
only a simple encoding algorithm with a low PAPR, but also the
Hadamard constellation’s ability to be concatenated with other
methods. This motivates us to apply a SLM technique [4, 5]
to the Hadamard constellation in an OFDM system. In typical
SLM methods [4, 5], the major PAPR reduction is achieved by
the first few redundant bits. Employing more redundant bits ne-
cessitates a high level of complexity to obtain modest improve-
ments in the PAPR reduction. However, in the proposed SLM
method, employing the Hadamard constellation causes a con-
siderable PAPR reduction by itself. As a result, this method, by
just using one or two redundant bits, significantly outperforms

the other PAPR reduction techniques, reported in the literature
[6].

In [6], we have investigated some issues that have emerged
regarding the use of the Hadamard constellation in an OFDM
system. In the encoding procedure, the cartesian boundary is
employed [7] by viewing the real and imaginary parts of the
signal as two separate real signals; that is, all the desired � -D
points are inside a square in the complex plane [6]. Therefore,
all the constellation points inside a cubic boundary should be
encoded.

If we represent the SNF decomposition of the Hadamard ma-
trix by � � � +.� - �?/ � , the encoding procedure operates in
the following steps [1]: �� � + ���� � � �	�� ��
 �

� � ��
��� � �
��� IFFT � ��� ,

(1)

where

 ����� , and � is the canonical representation of inte-

gers � representing the constellation points � . The canonical
representation of any integer can be calculated by the recursive
modulo operations; namely,�

� ��� mod 2 �� � � ��� �
�2 �� 4"���@4 � � mod 2=4� 4 � � 4 ��� � � 4

2=4 ,

(2)

where �A
��

 

.

The reverse operation for finding � from the



-D vector � is

� ��+ ���� � ��� � ��� � < �@>�>@> � � �!� � ,"� 4 � � 4 mod 2 4 ,� � "�
�$# 2 � � "� < # 2 <%� >�>@> � "� � � �$# 2=� ��� "� �!� >@>�> �&� . (3)

The number of points, inside the shaped constellation, is deter-
mined by the determinant of the Hadamard matrix.

Theorem 2: The constellation size for a �%�(')��� Hadamard
matrix is *,+.-/�0� <&1 � �2��� < 14365 .
Therefore, the encoding algorithm necessitate the computation
of the canonical representation of the large integer numbers in
the transmission of the OFDM signals. The canonical repre-
sentation can be simplified by using the fact that digital com-
munication systems deal with binary input streams. Based on
the SNF of the Hadamard matrix 1�25476 < 1498 � , the binary input data
stream can be expressed as the canonical representation of the
integers representing the Hadamard constellation points [6].

According to the Hadamard constellation size, the rate of the
transmission is related to the number of subcarriers



in an

OFDM system2. This rate is unacceptable not only because
of the dependency on



but also because the rate usually is

much higher than the required rate. A selection method for the
constellation points must be implemented such that the constel-
lation has the desired rate, and the time domain constellation7

For �98;:=< , the rate for each real component is >@?=A 7.B :=< 7 1�365DC �FEG8IH : .
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points have a uniform distribution in the cubic constellation.
A non-uniform distribution for the time domain constellation
points leads to a higher PAPR in an OFDM system. In [6], it is
exhibited that the selected integers representing the Hadamard
constellation points should have a uniform distribution. The
selection of


����
points among



integers will lead to the se-

lection of the multiples of
�
. This scheme can control the con-

stellation size, and consequently, the rate of transmission.
We also analyze the noise in different parts of the decoding

procedure [6] and show the output noise that accompanies the
canonical representation is a uniformly distributed noise; how-
ever, the noise that we receive along with the time domain con-
stellation point is a gaussian noise and the maximum likelihood
decoding algorithm for removing the noise is rounding off the
constellation points in the integer domain.

IV. SELECTIVE MAPPING ALONG WITH HADAMARD

CONSTELLATION

In the following, we propose a SLM method [4,5] in conjunc-
tion with the hadamard constellation to further improve the per-
formance . SLM is a method to reduce the PAPR in an OFDM
system which involves generating a large set of data vectors
that represent the same information, where the data vector with
the lowest PAPR is used for the transmission. Assume that the
data rate to be transmitted is � bits per block of length-N Fast
Fourier Transform (FFT) symbol. Let ��� denote the number
of redundant bits of � bits specified for SLM ( �����	�
� and
� ����
�� < �������.� constellation size �&� ). Consequently,


 � � �����
constellation points should represent the same information. In
this method, the input integers � are mapped to the Hadamard
constellation points, and the output integers are classified by
the sets with the same ��� Most Significant Bits (MSBs). All
the corresponding constellation points in each set represent the
same information. The IFFT operation for all these constella-
tion points in each set is computed, and the constellation point
with the lowest PAPR is transmitted.

As mentioned before, the Hadamard constellation is a rotated
version of a cubic constellation, so the average energy and spec-
tral efficiency of this constellation is the same as those in a cubic
constellation. However, in Selective Mapping method we have
a slight decrease in the average energy, since we choose the
point with the lowest PAPR among a few number of possible
points in the Hadamard constellation.

Fig. 2 shows the simulation result of our PAPR reduction
method for a � ��� complex channel OFDM system employing��� -QAM constellation. We compare our proposed method by
some recent methods reported in the literature [8–11]. We can
lower PAPR as compared to these methods (about ����� lower
PAPR as compared to [8–10] and about ����� lower PAPR as
compared to [11]). Moreover, unlike other SLM methods, no
side information is required. Proposed SLM method can obtain
lower PAPR reduction by using fewer redundant bits, because
this method is applied to the Hadamard constellation in OFDM
systems and using this constellation has a relatively low PAPR
by itself. The complexity of the Hadamard constellation along
with SLM is very low and the overall scheme is practically fea-
sible (it competes in terms of the overall complexity with the
alternative techniques reported in the literature).

V. CONCLUSION

We propose a constellation shaping method that achieves a
substantial reduction in the PAPR in an OFDM system with a
low complexity. An SLM technique is applied to this constella-
tion to further reduce the PAPR of the OFDM signal. The pro-
posed scheme significantly outperforms other PAPR reduction
techniques reported in the literature (Our scheme offers about
a ����� to ����� lower PAPR, compared to the best known tech-
niques, without the additional costs in energy and/or spectral
efficiency), and has a small computational complexity.
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Fig. 2. Probability of PAPR in a  :"! channel OFDM system with  $# -QAM
constellation employing Hadamard constellation and Selective Mapping.

REFERENCES

[1] H. K. Kwok, Shape Up: Peak-Power Reduction via Constellation Shap-
ing, Ph.D. thesis, University of Illinois, 2001.

[2] H. Cohen, Graduate Texts in Mathematics: A Course in Computational
Algebraic Number Theory, vol. 138, Spring-Verlag, 1993.

[3] P. Y. Cochet and R. Serpollet, “Digital transformfor a selective channel
estimation,” in the IEEE International Conference on Communication.
IEEE, 1998, IEEE.

[4] R. W. Bauml, R. F. H. Fischer, and J. B. Huber, “Reducing the peak-
to-average power ratio of multicarrier modulation by selected mapping,”
Electronic Letters, vol. 32, pp. 2056–2057, 1996.

[5] J. V. Eatvelt, G. Wade, and M. Tomlinson, “Peak to average power reduc-
tion for ofdm schemes by selective scrambling,” Electronic Letters, vol.
32, pp. 1963–1964, 1996.

[6] A. Mobasher and A. K. Khandani, “Papr reduction using integer struc-
tures in ofdm systems,” Tech. Rep. UW-ECE2004-06, University of Wa-
terloo, 2004.

[7] H. Nikopour, A. K. Khandani, and S. H. Jamali, “Turbo coded ofdm
transmission over nonlinear channel,” Submitted to IEEE Trans. on In-
form. Theory, 2004.

[8] S. H. Muller and J. B. Hubber, “Ofdm with reduced peak-to-average
power ratio by optimum combination of partial transmit sequences,” Elec-
tron. Lett., vol. 33, no. 5, pp. 368–369, Feb. 1997.

[9] B. S. Krongold and D. L. Jones, “An active-set approach for ofdm par
reduction via tone reservation,” IEEE Trans. on Signal Processing, vol.
52, no. 2, pp. 495–509, Feb. 2004.

[10] Yung-Lyul Lee, Young-Hwan You, Won-Gi Jeon, Jong-Ho Paik, and
Hyoung-Kyu Song, “Peak-to-average power ratio in MIMO-OFDM sys-
tems using selective mapping,” IEEE Comm. Lett., vol. 7, no. 12, pp.
575–577, Dec. 2003.

[11] N. Carson and T. A. Gulliver, “Performance of ofdm with modified ra
codes and clipping,” IEEE Comm. Lett., vol. 7, no. 9, pp. 440–442, Sep.
2003.

3


