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Problem 7:

(a) A fire station is to be located along a road of
length A, A < oo. If fires occur at points uni-
formly chosen on (0, A), where should the sta-
tion be located so as to minimize the expected
distance from the fire? That is, choose a so
as to

minimize E[| X — al]

when X is uniformly distributed over (0, A).

(b) Now suppose that the road i1s of infinite
length—stretching from point 0 outward to oo.
If the distance of a fire from point 0 1s expo-
nentially distributed with rate A, where should
the fire station now be located? That 1s, we
want to minimize E[|X — a|], where X 1s now
exponential with rate A.

Problem 8:

The lifetimes of interactive computer chips pro-
duced by a certain semiconductor manufacturer
are normally distributed with parameters pu =
1.4 X 10° hours and o = 3 X 10° hours. What is the
approximate probability that a batch of 100 chips
will contain at least 20 whose lifetimes are less than
1.8 X 100?
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Problem 7:

Part (a): If = (the location of the fire) is uniformly distributed in [0, A) then we would like
to select a (the location of the fire station) such that

F(a) = E[|X —al],

1s a minimum. We will compute this by breaking the integral involved in the defimition of
the expectation into regions where x — a 1s negative and positive. We find that

A 1
E[|X —a|] = A |:{r—a|zd:r

_ i a. )d l A( )d
= 7 |J(:::—a .:r—i—A ; T — a)dr
1

B (z—a)?|® 1 (z—a)? A
A 2 +ZTG
1 a® 1 [(A—a)
SR,
a’> (A—a)?
2T ToA

To find the a that minimizes this we compute F'(a) and set this equal to zero. Taking the
derivative and setting this equal to zero we find that
a 2(A—a)(—1
Py = @4 A== _
A 2A

Which gives a solution a* given by a* = 2. A second derivative of our function F shows
g A 2

that F"(a) = % > 0 showing that the point a* = A/2 is indeed a minimum.

0.

Part (b): The problem formulation is the same as in part (a) but since the distribution of
the location of fires i1s now an exponential we now want to minimize

F(a) = E[|X —al] :/ |z — al\e *dx .
0

We will compute this by breaking the integral involved in the definition of the expectation
mnto regions where r — a 1s negative and positive. We find that

E[|X —a|]] = / |z — alAe Mdx
0
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To find the a that minimizes this we compute F'(a) and set this equal to zero. Taking the
derivative we find that
F'la)=1—-2e2=0.

Problem 8:
If each chips lifetime is denoted by the random variable X (assumed Gaussian with the

given mean and variance), then each chip will have a lifetime less than 1.8 10 hours with
probability given by

X —1410° (1.8 —1.4)10
P{X <1810° = P{ ( ) }

3105~ 310°

= P{Z < %} = O(4/3) ~ 0.9088 .

With this probability, the number N, in a batch of 100 that will have a lifetime less than
1.810° is a binomial random variable with parameters (n,p) = (100, 0.9088). Therefore, the
probability that a batch will contain at least 20 1s given by

100

P{N>20}=Y" ( 120 ) (0.908)"(1 — 0.908)100-

n=20

Rather than evaluate this exactly we can approximate this binomial random wvariable N
with a Gaussian random variable with a mean given by g = np = 100(0.908) = 90.87, and a
variance given by o2 = np(1 — p) = 8.28 (equivalently ¢ = 2.87). Then the probability that
a given batch of 100 has at least 20 that have lifetime less than 1.8 10® hours is given by

P{N >20} = P{N >195}
{N —90.87 _ 19.5 — 90.87}
287 T 287
~ P{Z>-249}
1— P{Z < —24.9}
1—O(—249) =~ 1.

Where in the first line above we have used the continuity correction required when we
approximate a discrete density by a continuous one, and in the third line above we use our
Gaussian approximation to the binomial distribution.



