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pfo blem Z (Wirﬁer 2012 )
- Mideam

A student has asked his supervisor for a letter of recommendation for an
award. He estimates that there is a 90% chance that he will get the award
if he receives a strong recommendation, a 50% chance if he receives a
moderately good recommendation, and a 10% chance if he receives a
weak recommendation. He further estimates that the probabilities that
the recommendation will be strong, moderate, and weak are 0.7, 0.2, and
0.1, respectively.

(a) (5 points) How certain is he that he will receive the award?

(b) (10 points) Given that he does receive the award, how likely should
he feel that he received a strong recommendation?

(c) (10 points) Given that he does not receive the award, how likely
should he feel that he received a weak recommendation?
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A and B roll a pair of dice in turn, with A rolling first. A’s ()l.)jgctwe 1$ 1O obra}n a
sum of 6, and B’s is to obtain a sum of 7. The game ends when either player reaches
his or her objective, and that player is declared the winner.

(a) Find the probability that A is the winner.
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Ponlem J&lt o
Two players take turns shooting at a target, with each shot by player 7 hitting tl
target with probability p;, i =1,2.

Suppose that the shooting ends when the target has been hit twic

Let m1; denote the mean number of shots needed for the first hit when player 7 shoo |
first, i = 1,2. Also, let P, i = 1,2, denote the probability that the first hit is b

player 1, when player 7 shoots first.
(a) Findmq and mr. €h 7
(b) Find Py and P;.
For the remainder of the problem, assume that player 1 shoots first.

(c) Find the probability that the final hit was by 1.
(d)  Find the probability thar both hits were by 1.
(e) Find the probability that both hits were by 2.

f)  Find the mean number |

(f) number of shots taken. Ch7
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Q(kmA B, and C are evenly matched tennis players. Initially A and B play a set, and
A . . . ) ), } c
. ‘the winner then plays C. This continues, with the winner alwavs phviné the
=" waiting player, until one of the players has won two sets in a row. That player

is then declared the overall winner. Fj T
: < . lnd the - - .
winner. probability that A is the overa]]
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Independent trials that result in a success with
probability p and a failure with probability 1 —
P are called Bernoulli trials. Let P,, denote the
probability that 7 Bernoulli trials result in an even
number of successes (0 being considered an even
number). Show that

Po=pd —-—P,_1D+ A —-pP,1 n=1
and use this formula to prove (by induction) that

1 + 1 — 2p”?
Pn= (,) L

P(oblewn Z  (The Ballot Problem) In an election, candidate A receives 7 votes,
and candidate B receives 177 votes where 77 > m. Assuming that all orderings are
equally likely, show that the probability that A is always ahead in the count of
votes 1s (1 — m)/(n + m).

Ploblen 8;:

Consider a gambler who at each play of the game has probability p of winning
one unit and probability g = 1 — p of losing one unit. Assuming that successive
plays of the game are independent, what is the probability that, starting with ;
units, the gambler’s fortune will reach N before reaching 0?

P(O\))em 2

A particle moves among 7 + 1 vertices that are situated on a circle in the following
manner. At each step it moves one step either in the clockwise direction with prob-
ability p or the counterclockwise direction with probability g = 1 — p, Starting at
a specified state, call it state 0, let T be the time of the first return to state (. I-rind
the probability that all states have been visited by time T.
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