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e Enter your name, student ID number, e-mail address and sign in the space provided
at the bottom of this page.
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PART 1

(20 %)
These are short problems. For problems involving TRUE or FALSE answers it is not
necessary to justify your answers. Only correct answers count- no partial credit.

1. (4pts) Let A and B be two events defined on (€2, F, P): Then:
a) Pr(A) + Pr(B°) < 1.

Answer: True False
b) Pr(AU B¢) > max{Pr(A),1 — Pr(B)}

Answer: True False

2. (6pts) Suppose A, B, C' are three events defined on the same probability space.
a) Find P(AUBUQCQC) if A, B, and C are mutually independent



b) If A and B are independent, show that A° and B¢ are independent.

3. (4 pts) Let A and B be two events with Pr(A) > 0 and Pr(B) > 0.
Show that if Pr(A|B) > Pr(A) then Pr(B|A) > Pr(B) .



4. (6pts) Express the following probabilities in terms of P(A), P(B) and P(AN B)
a) The event A occurs and B does not occur.
b) Exactly one of A or B occurs.

c¢) Neither A nor B occur.
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PART 11

For the problems in this section show all calculations in the space provided or at the back
of the page. Justify all your answers.

Problem 1: (18 %)

Two numbers X and Y are selected at random between 0 and 1. Let the events A, B,
and C be defined as follows: A = {X > 1}, B={Y <ilandC ={X < fandY <
HU{X > landY > 1}

a) Are A and B independent? Why?

b) Are A and C independent? Why?



¢) Are A, B and C independent? Why?

d) Find the probability that only one of the events A or B occur.
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Problem 2: (20%)
a) Let A and B be two arbitrary events. Show that:

P(A) = P(A|B)P(B) + P(A|B°)P(B°)



b) An urn contains M balls out of which only m are good. Two balls are drawn from the
urn without replacement.

i) Find the probability that the second ball is ”good” given that the first ball is "bad”.

ii) Find the probability that the second ball is good.

10
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Problem 3: (20 %)

Let {A;}!, denote a collection of events on a probability space (€2, F, P)
a) Show that

P(M_,As) > 1= ) P(A)
i=1

12



b) Show the following formula holds:

P(M_Ai) =) P(A) =Y P(AiUA) + > PAJUAUA)—--
i=1 1<J 1<j<k

o (C1)"TIP(A U Ay U Ay)
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c) Show for any events A, B and C' with P(C') > 0 show that:

P(A|C) = P(A|BC)P(B|C) + P(A|B°C)P(B°|C)
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Problem 4: (22%)
a) Consider 3 events A, B and C. It is known that A is independent of B and A is

independent of C'.
Show that A is independent of B U C' if and only if A is independent of BN C.

15



b) Consider an urn with two types of coins. One is a fair coin which has a probability

% of giving a Heads when tossed. The other is a biased coin that gives Heads with a

probability of % when tossed. There are a total of n fair coins and n biased coins.

a) A coin is chosen at random and tossed and gives a Heads. What is the probability
that the coin is fair?

a) Two coins are chosen and tossed and both fall heads. What is the probability that
both are biased?
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Some useful formulae and notes

Some other elementary formulae

Given a collection of sets {A;} then De-Morgan’s law states:

( Ak) A

where A = 2 — A (the complement of Ag.
Probability axioms
1. P(Q) =1, P(¢) =0, and for any event A 0 < P(A) < 1.

2. The collection of events is a o — field i.e. if A € F then A € F and for any
countable collection of events A; € F, U;A; € F.

3. If {A;} is a countable collection of disjoint events then: P(U,A,)) =>_ P(A,). If
the Als are not disjoint then P(U;A;) < >, P(4;)

Exclusion-Inclusion Formula Given events {4;}",

P(U?_lAi)=ZH:P(Ai)—ZP(AiAj)+ ST PAAA) + (DM YT P4 Ay +

1<j 1<j<k 11 <tg...<i

b (1) P(A Ay - A

k=0
N
1— N+1
3l
1—r
k=0
Zrkzl if |r] <1
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